We associate the lepton-quark families with the vertices of the 4D polytopes 5-cell (0001) 4 and the rectified 5-cell (0100) 4 derived from the (5) Coxeter-Dynkin diagram. The off-diagonal gauge bosons are associated with the root polytope (1001) 4 whose facets are tetrahedra and the triangular prisms. The edge-vertex relations are interpreted as the (5) charge conservation. The Dynkin diagram symmetry of the (5) diagram can be interpreted as a kind of particle-antiparticle symmetry. The Voronoi cell of the root lattice consists of the union of the polytopes (1000) 4 + (0100) 4 + (0010) 4 + (0001) 4 whose facets are 20 rhombohedra. We construct the Delone (Delaunay) cells of the root lattice as the alternating 5-cell and the rectified 5-cell, a kind of dual to the Voronoi cell. The vertices of the Delone cells closest to the origin consist of the root vectors representing the gauge bosons. The faces of the rhombohedra project onto the Coxeter plane as thick and thin rhombs leading to Penrose-like tiling of the plane which can be used for the description of the 5-fold symmetric quasicrystallography. The model can be extended to (10) and even to (11) by noting the Coxeter-Dynkin diagram embedding 4 ⊂ 5 ⊂ 5 . Another embedding can be made through the relation 4 ⊂ 5 ⊂ 6 for more popular ′ . Appendix A includes the quaternionic representations of the Coxeter-Weyl groups ( 4 ) ⊂ ( 4 ) which can be obtained directly from ( 8 ) by projection. This leads to relations of the (5) polytopes with the quasicrystallography in 4D and 8 polytopes. Appendix B discusses the branching of the polytopes in terms of the irreducible representations of the Coxeter-Weyl group ( 4 ) ≈ 5 ).
I. INTRODUCTION
The Lie algebras and thereof Lie groups derived from the root systems of the CoxeterWeyl groups are well known: predictions of the standard model of the High Energy Physics described by the Lie group (3) × (2) × (1) [1, 2, 3] are heavily based on the Coxeter-Weyl group ( 2 ) × ( 1 ). The skeletons [4] of the Grand Unified Theories (GUT), (5) ≈ 4 [5] , (10) ≈ 5 [6] and the exceptional group 6 [7] are the respective Coxeter-Weyl groups ( 4 ), ( 5 ) and ( 6 ). The charges of the quarks and leptons as well as the gauge bosons obtained from the embedding ( 2 ) × ( 1 ) ⊂ ( 4 ) ≈ 5 depend on the root and weight vectors which generate the associated lattices invariant under the affine Coxeter group ( 4 ). The Coxeter number h seems to be relevant to the aperiodic tiling of the Coxeter plane by projection of its root and weight lattices leading to h-fold symmetry, a phenomenon which might be relevant to quasicrystallography [8, 9] . The same mathematical technique, namely, the CoxeterDynkin diagrams and Coxeter-Weyl groups, can be applied to two totally irrelevant phenomena: the grand unification of the strong and the electroweak interactions and the quasicrystallography, the latter is a mathematically intriguing topic in condensed matter physics. Let us recall that the spontaneous symmetry breaking (Higgs mechanism) and the phase transitions such as super conductivity and super fluidity in condensed matter physics are based on similar mathematical techniques, namely, breaking a group into its subgroups. We point out that the weight vectors of the irreducible representations 5 * + 10 of (5) represent the polytopes 5-cell and the rectified 5-cell respectively. The 5-cell consists of 5 tetrahedra as facets with 5 vertices. The rectified 5-cell consists of 5 tetrahedra and 5 octahedra with 10 vertices. The set of root vectors corresponding to gauge bosons determine the Delone (Delaunay) cells of the root lattice. The union of the irreducible representations 5 * + 10 + 10 * + 5 form 30 vertices of the Voronoi cell of the root lattice which is dual to the root polytope with 20 vertices consisting of the cells of 10 tetrahedra and 20 triangular prisms [10] . The Dynkin-Diagram symmetry which extends the Coxeter-Weyl group to the automorphism group of the root system can be related to the charge-conjugation operator.
The paper is organized as follows. In Section 2 we introduce the concept of Voronoi cell and Delone cell by giving the example of the lattice of the affine group ( 2 ), the point group ( 2 ) ≈ 3 of which, is the symmetry of the (3) polytopes (hexagons and triangles). It will then be straightforward to discuss the (5) polytopes and their dual polytopes. Section 3 is devoted to the projection of the (5) polytopes into the Coxeter plane. We discuss identification of the charges of the lepton-quark families and the gauge bosons with vertex vectors and the edge vectors respectively. The 5-cell and the rectified 5-cell allow a diagrammatic representation of the interaction of the particles with the gauge bosons in the root and weight spaces analogous to the Feynman diagrams. This is perhaps another aspect of polytopes in particle physics similar to the amplituhedron [11] relating the scattering amplitude to the volume of a certain polytope. Section 4 deals with the projection of the Voronoi cell onto the Coxeter plane leading to Penrose-like tiling of the (5) lattice. In the concluding Section 5 we discuss the extension of the work to the GUT models such as (10) ⊂ (11), the Coxeter-Weyl group of which is ( 5 ) ⊂ ( 5 ) and 6 . In appendix A, we introduce the quaternionic representation of the group ( 4 ) useful for the embedding ( 4 ) ⊂ ( 4 ) ) ⊂ ( 8 ) [12, 13] . Appendix B deals with the branching of the ( 4 ) orbits of interest in terms of its irreducible representations.
II. POLYTOPES OF SU(5), VORONOI AND DELONE CELLS OF THE ROOT LATTICE
One should distinguish the unitary symmetry (5) which describes an irreducible representation in the Hilbert space describing the wave functions of the particles and the Coxeter-Weyl group ( 4 ) ≈ 5 which is the discrete symmetry of the root system of (5). To set the scene we discuss the polytopes (triangles and hexagons) of (3) as an example. The Cartan matrix and its inverse of any Coxeter-Weyl group is defined by the simple roots and weights as
where and are the simple root vector of the Lie algebra and the corresponding weight vector respectively. The Coxeter group generated by reflections is simply defined as an abstract group [14, 15, 16, 17 ]
Here is the reflection generator with respect to the hyperplane orthogonal to the root vector which acts on an arbitrary vector as
.
Denote an arbitrary vector in the weight space by = ( 1 1 + 2 2 + ⋯ + ) [18] where ∈ ℤ, = 1,2, … , . In this section, we shall consider the Coxeter-Dynkin diagrams of − series with the Coxeter-Weyl group ( ) ≈ +1 . The orbit of the Coxeter-Weyl group will be denoted by ( ) : = ( 1 2 … ) which represents a set of vertices of the polytope of the ( ), or shortly, the polytope of ( + 1). The (3) polytopes (10) 2 and (01) 2 represent two dual triangles and the polytope (11) 2 is a regular hexagon. The root lattice of (3) consists of the vectors ( 1 1 + 2 2 ) with ∈ ℤ, = 1,2 where the unit cell is represented by the hexagon (11) 2 . The Voronoi cell of the root lattice is the scaled dual hexagon represented by the union of the triangles (10) 2 + (01) 2 . Delaunay (Delone) cells are defined by the root vectors including the origin, a kind of dual to the Voronoi cell [19] . The Delone cells are triangles whose centers are the vertices of the Voronoi cell as shown in Fig. 1 .
FIG. 1. Voronoi cell (in red)
and Delone cells of (3) whose centers are the vertices of the Voronoi cell.
Since
(3) will be taken as the color subgroup of (5) we label its 3-dimensional irreducible representation as r (red), b (blue) and g (green). The color charges of the quarks or the gluons can be computed by taking the scalar products of the weight and/or root vectors with the color hypercharge and color charge vectors represented respectively by = 2 and = 1 where the color isospin vector is given by 3 = 1 − 1 2 2 . For example, the color isospin and color hypercharge ( 3 , ) of the quark represented by the weight 1 is given by ( Similarly, the orbits of (4) (100) 3 , (001) 3 represent two dual tetrahedra while (010) 3 , (101) 3 and (111) 3 , represent octahedron, cubeoctahedron and truncated octahedron respectively [20] . The root lattice of ( 3 ), also called fcc lattice, has the Voronoi cell as the rhombic dodecahedron represented by the union of the orbits (100) 3 +(010) 3 + (001) 3 . The Delone cells of the root lattice consist of the alternating tetrahedra and octahedra taking the vertices from the root lattice including the origin.
After these preliminary examples, we can discuss the polytopes of (5) corresponding to the quark-lepton families and the gauge bosons of (5). The CoxeterDynkin diagram of (5) is shown in Fig. 2 .
FIG. 2. Coxeter-Dynkin diagram of (5).
The Cartan matrix and its inverse are given as More information about the (5) polytopes can be found in the reference [10] . Vertices of the root polytope are given as follows
Moreover, we have quadruply degenerate zero root vectors. In the Lie algebraic terminology, they are the weights of the Cartan generators of the Lie algebra and in the adjoint representation we have four gauge bosons all with zero (5) charges.
One can define the color isospin vector 3 , color hypercharge , weak isospin 3 and weak hypercharge in terms of the weight and root vectors as 
Note that these 4 vectors are orthogonal to each other. Let us give a few examples for the determination of the particles corresponding to the weights or roots in the representations 5 * , 10 and the orbit (1001) 4 . The quantum numbers of the particles corresponding to the weights and roots 4 , 2 , ± 1 and ±( 1 + 2 + 3 + 4 ) in the order of equation (6) boson and the gluon respectively. All the particles and gauge bosons of (5) and the corresponding weights and roots are listed in Table I, Table II and Table III. TABLE I. Weight vectors of 5 * and the corresponding particles. It is interesting to note that the edges of the polytopes correspond to the gauge bosons. Let us consider the edges of the polytope 5 * connecting the vertex 4 to the rest of the vertices. They can be represented, depending on the direction of the connecting vector, as root vectors:
Vectors particle
± 4 , ±( 4 + 3 ), ±( 4 + 3 + 2 ), ±( 4 + 3 + 2 + 1 ) .
This also indicates that 4 edges intersect at the same vertex.
TABLE III. Root system of (5) and the corresponding gauge bosons.
Root Vectors Particle
( 1 + 2 + 3 + 4 )
The simple roots of (5) generate a lattice which consists of alternating 5-cell and rectified 5-cell. The orbit (1001) 4 is a convex polytope as we called the root polytope. The dual of the root polytope is the Voronoi cell (0) of the root lattice whose 30 vertices are the union of the orbits (see for details the reference [10] ), Voronoi cell: (1000) 4 + (0100) 4 + (0010) 4 + (0001) 4 .
It has 30 vertices, 70 edges, 60 faces (rhombs) and 20 facets (rhombohedra). A typical rhombohedron shown in Fig. 3 has 8 vertices ( 1 + 4 ); when a reflection generator with respect to this hyperplane is added to the four reflection generators of the group ( 4 ) the group is extended to the affine group ( 4 ) of infinite order. The root and weight lattices are generated by reflections with respect to these 5 mirrors, the fifth is represented by the hyperplane orthogonal to the highest weight vector. There are 20 hyperplanes through the centers of the facets which are the halves of the root vectors listed in (5). Reflecting Voronoi cell (0) centered at the origin with respect to the hyperplanes located at the halves of the roots will generate 20 new Voronoi cells surrounding the Voronoi cell (0). The process of folding at the facets will fill the 4D space of the root lattice with the Voronoi cell. The Voronoi cell of the weight lattice is even more interesting known as the permutohedron with 120 vertices and is represented by the polytope Next, we will explain how the root lattice is represented as the pattern of alternating 5-cells and rectified 5-cells. To construct the vertices of the 5-cells in the root lattice whose centers are the vertices of the 5-cell determined by the orbit (1000) 4 we start with the vertex 1 To give an example for the Delone rectified 5-cell we construct the one whose center is 2 which is invariant under the generators 1 , 3 , 4 forming a group of symmetry of the prism. The roots 2 , 2 + 3 , 2 + 3 + 4 form a triangle under the generators 3 , 4 . If we apply the generator 1 on these 3 vertices we obtain the roots 1 + 2 , 1 + 2 + 3 , 1 + 2 + 3 + 4 which form another triangle parallel to the first; together they form a triangular prism. These 6 roots and the vectors 1 + 2 2 + 3 , 1 + 2 2 + 3 + 4 , 1 + 2 2 + 2 3 + 4 , including the origin form the Delone rectified 5-cell. As can be checked the average of 10 vertices is 2 . One can prove that the rectified 5-cell consists of 5 tetrahedra and 5 octahedra as it is expected. Let us enumerate 9 vertices as and let 0 denotes the origin.
Then one can prove that each set of four vertices In the next section, we will discuss the projections of these polytopes onto the Coxeter plane and identify the vertices and edges of the polytopes with the particles and gauge bosons.
III. DIAGRAMMATIC REPRESENTATIONS OF THE PARTICLES AND GAUGE BOSONS IN THE COXETER PLANE
Here we first discuss the projection technique of the polytopes onto the Coxeter plane. Consider the Cartan matrix of a simply laced root system where all roots have the same norm. Let be the eigenvalues and ⃗ the corresponding normalized eigenvectors of the Cartan matrix. Earlier we have shown [9] that a set of orthonormal vectors in ndimensions can be obtained as
Define the generators 1 = 1 3 , 2 = 2 4 satisfying the relations .
This shows that the polytopes can be projected into the Coxeter plane defined by the unit vectors : = (̂4,̂1) with a 5-fold symmetry. In terms of the simple roots and the corresponding weights, the unit vectors can be given as 
Vertices of the 5-cell of the orbit (1000) 4 , arranged as the orbit of the dihedral group < 1 , 2 >, constitutes a pentagon with vertices in the order √ respectively. Note that 5 = 1. The projection of the 5-cell that is the projection of the polytope 5 * is illustrated in Fig. 5 and that of the rectified 5-cell 10 is given in Fig. 6 [22 We list the corresponding quarks and leptons in the same order,
The four edges joining the vertices, say, to in the forward direction are represented by the roots 2 + 3 , 1 + 2 + 3 , 3 , 4 which correspond to the gauge bosons respectively + , , , . This includes some similarity to the amplituhedron technique [11] where one obtains a polytope by permuting the momenta of the particles constrained by the conservation of momentum. Here it is the vectors representing edges of the polytope corresponding to the charges of the gauge bosons. The polytope 5 * whose vertices and edges representing the quarks and leptons and gauge bosons respectively are illustrated in Fig. 7 .
To give another example let us take the weight 2 from the polytope 10 and determine the gauge bosons which link the particle associated with 2 with the other particles in the same orbit. The six weights and six edges connecting 2 to the other particles are given by
The particles in the same order are
The roots pointing in the direction of the weight 2 can be determined as (19) so the vectors in the direction to ( ) from the remaining particles in (18) are the gauge bosons corresponding to the roots in (19) ,
The other possibilities are depicted in Fig. 8 . We also display the gauge boson interactions by projection of the root polytope as shown in Fig. 10 . 
IV. PROJECTIONS OF SU(5) POLYTOPES AND PENROSE-LIKE TILING
Roger Penrose proposed a aperiodic tiling of the plane respecting 5-fold symmetry constructed with two unit cells consisting of thick and thin rhombs [23] . As we have seen above, the root lattice can be tiled by alternating Delone 5-cells and Delone rectified 5-cells. The 5-cell consists of tetrahedra whose faces are equilateral triangles. Similarly, the rectified 5-cell is made of tetrahedra and octahedra whose faces are all made of equilateral triangles. Projections of the 2D faces of the Delone cells onto the Coxeter plane lead to two types of isosceles triangles called Robinson triangles. If the equal edges are of unit length 1 then the third edge is either the golden ratio or its inverse − . The projection would lead to a 5-fold symmetric aperiodic tiling by Robinson triangles. For a different discussion on the 4 projection see for instance Kramer [24] . A similar projection has been studied earlier by Baake and his collaborators [25] . We will not discuss the tiling by the Robinson triangles but rather aperiodic tiling by Voronoi cell. Recall that in Section 2 we have already noted that the facets of the Voronoi cell are rhombohedra whose 2D faces are rhombs with edge length 2 √5 and the interior angles are about 75.5° and 104.5°. By using the projected components of the weight vectors in (15) we can prove that the six rhombs project into 4 thick rhombs with interior angles 72° and 108° and 2 thin rhombs with interior angles 36° and 144°as shown in Fig. 11 . In Figure 12 the edges of two inner decagons represent the projections of the 20 intersecting hyperplanes which go through the centers of the rhombohedral facets of the Voronoi cell (0). This implies that certain domains of the concentric circles overlap when Voronoi cell is projected. Our strategy is to tile the circular domain with thin and thick rhombs and then do reflections with respect to the allowed line segments. First we start to determine the tiling by fixing one point. Take for instance the point 1 and determine the possible tiling around this fixed point. We have checked that the allowed tiles are those shown in Fig. 13 . By using the fixed point as 1 or any other point in the same orbit with 1 we can have four different tilings by projection of the Voronoi cell. They are illustrated in the Fig. 14 (a-d) . In all these tilings the number of thick and number of thin tiles are equal and therefore the ratio of the area covered by the thick rhombs to the area of the thin rhombs is the golden ratio . Some examples of tiling by affine reflections at the hyperplanes can be made with different tiles of Fig. 14. An example is shown in Fig. 15 which is simply made by folding along a line segment of the tile in Fig. 14(a) . Without any proof, we hope that one can generate the whole plane tiling using these four typical tiles of circles with the convenient choice of the reflection line segments. There are other techniques to obtain the tiles from higher dimensional lattices [31] . 
V. CONCLUDING REMARKS
We have presented a diagrammatic representation of the interaction of the (5) particles and gauge bosons by the projected copies of the (5) polytopes. We pointed out that the projection of Delone cells of (5) root lattice or Voronoi cell correspond to the five-fold symmetric tiling of the Coxeter plane which is useful for the description of quasicrystallographic materials. This work can be extended to any GUT theory. An immediate concern could be the tilings obtained from the embedding 4 ⊂ 5 ⊂ 5 which correspond to the gauge symmetry embedding 
where is the Kronecker symbol, meaning that it is equal 1 if the indices are equal otherwise zero and is the completely antisymmetric LeviCivita symbol under the exchange of any two indices. It is well known that the root system of the quasicrystallographic Coxeter group ( 4 ) is represented by the 120 icosians = + [19] where two sets are given by 
The set also represents the vertices of 600-cell [26] where stands for the binary tetrahedral group and represents the vertices of the 24-cell whose symmetry is the ( 4 ) of order 1152. The set of vertices represents the vertices of the snub 24-cell [27, 28] . Another representation of the icosians can be taken as ̃=̃+̃ where ̃ is obtained from by exchanging and . Consequently =̃ but ≠̃ . This is because binary icosahedral group has two 2-dimensional irreducible representations. It is evident because the quaternions can be represented in terms of Pauli matrices = − , = 1,2,3.
One possible representation of the simple roots of (5) shown in Figure 2 in terms of quaternions can be taken as 
The scaled first three simple roots belong to the set and the scaled fourth simple root is an element of the set . 
The set of elements [ , ̅̃̅ c] is isomorphic to the group of even permutations of five objects (five vertices of the 5-cell) and represents the proper rotation subgroup of ( 4 ) where ~ is defined as above.
The five-fold rotation operator in (12) 
The extension of the group ( 4 ) by the Dynkin diagram symmetry is the automorphism group which can be compactly written as
( ( 4 ) 
a group of order 240.
We have shown [29] that the group ( 4 ) is a maximal subgroup in the Coxeter group ( 4 ) with index 120. In other words, the group ( 4 ) can be embedded in the group ( 4 ) 120 different ways. In the notation of (A4) the group ( 4 ) can be represented as 
It is clear that the order of the group is 120 × 120 = 14,400. The group ( 4 ) is a maximal subgroup in ( 8 ) [30] the fact that can be used to project the 8 lattice into quasicrystallographic 4 lattice.
The representation of ( 4 ) in (A5) is just one choice out of 120 possibilities. For an arbitrary embedding one can write 
Here 120 quaternions ∈ = +́ where ́ represents the 600-cell in a different basis with ́= ,́= representing a 24-cell (́) and the snub 24-cell ( ) respectively. 
APPENDIX B: DECOMPOSITON OF SU(5) POLYTOPES IN TERMS OF IRREDUCIBLE REPRESENTATION OF ( )

